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International Youth Math Challenge Pre-Final Bound 2019

Important: Read all the information on this page carefully!

General Information

Please read all problems carefully!

We recommend printing this problem sheet. Use another paper to find the solutions to the
problewus and write your final solution (with steps) ou the provided space below the probles.

Please upload clear pictures of this problem sheet with your written answers. If vou do not want
to print this problem sheet, please clearly label the problems on your sheets.

Typing the solution on a computer is possible. However, you do not receive extra points.

The 10 problems are separated into three categories: 4x basic problems (A: three points), 4x
advanced problems (B; four points), 2x special-creativity problems (C: six points).

You receive points for the correct solution as well as for the perforned steps. Example: Despite
a wrong solution, if the described approach is correct you will still receive points.

You can reach up to 40 points in total. You qualify for the final round if you reach at least 20
points (under 18 years) or 28 points (over 18 years).

Please consider following notation that is used for the problems
— 7,y € R denotes a real number, n € N denotes a positive integer.
— [, 9, h denote functions. The domain and co-domain should follow fromn the context.

— The "roots” of a function f are those z such that f(z) = 0.

— m = 3.141... denotes the circle coustant aud e = 2.718... Euler’s number.

It is not allowed to work in groups on the problems. Help or assistance from teachers. friends,
family, or the internet is prohibited. Cheating will result in immediate disqualification!

Solution Requirements

You can upload your solution online via your status page: https://iymc.info/en/login

e Only upload one single PDF file! If you have multiple pictures, please cownpress them into one

single file. Do not upload your pictures in a different format (e.g, no Word and Zip files).

e You can upload your PDF file with all solutions earlier than the day of the deadline. You can

change your upload at any time as long as the deadline has not been reached.

e The deadline for uploading your solution is Sunday 3. November 2019, 23:59 UTC+0.

e The results of the pre-final round will be announced on Monday 11. November 2019.

Good luck!
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y Problem A.1

Find the area enclosed be these three functions: f(z)=1, g(z)=x+1, hz)=9-z
N
x
let, =1 —O . A. A, N Nl
= o-x—{D .{Q P @ )
Frem@ &, x+1=1 HX=0 “f (2-4- *aﬂ)d?r . 4=
L’Q‘ﬂ'): (9)1\) J Q—Q»@d"d— @’Dt 1) "
Freom @ ) X+ =9-K [‘0‘4 ‘&L:l ~ \ %=
% 2x=8 16| '-4 9%
Laal =(ga-43)= (e-) In triangle, -
E Qu‘a) = (4 5) ] =9 T Area= L x base X hd:‘h{:
From D&@, o-x=1 16 spua I =4 x|8-o| x |5-1]
3 %x=18 \ -1 x8x9
.S = 8)1 = - ag
St tab Ans: 16 sq-unit . Area = 16 3 UL )
Problem A.2

Find the roots of the function f(r) = 3% - (logy(x) — 3)% - e<" 3¢,

£x)= 3%. (log 3. & 2% =0

When the Pmciucfc of factors equals t© 0,at \cast one fietor is O

g¢=0 k- @%,f— 3)5=0 or, & =0
Hetre, X-EQS . l'oazl =3 L 'KEQS
S x=2=%
Slx=¢8
Ans: x=8.
IYMC.PFR.2019
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Problem A
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Problem A.4

Find the value of this expaession for 1 —» A

O hinlleraps o
/ " | |
I Al Kenpgyel 20019

1t Ynu may e lhnl I ( l l "-)" lm "o

b g = (f'ﬂ Jo

ﬂ-—-»oo )

- n—-)ao {”Uﬁ? ]

Let, Z= —--—~ , then if n=>e, than

77—
- w o (g ]

na w-ao Q*z)/z] —D

L —— 2
T I T e g <= gt
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Problem B.1

Find all positive integers n such

mternational Yourh Math Challenge

that n' — 1 is divisible by 5.

[’y-—l’m;.l Round 2019

Let, N be any positive i
594 3. WHe have il
i n=%54 .
nti= (s EsTH)
= m, which is not
divisible ba 5.
¥ n=95q+1
n‘-j = (‘-sqj"

= 5m, divisible by

-) (5q+2) @51 ¥101
q+2) (2594 109+2)

Gohere m= 4 (5437) (259> +109+3)

1)
1f n=5q+2

— 5m, divisible
I n=59+43

+2)

.. n‘_i is

n-1=5 @1‘”\@1«*3}@

A 1= 5 (522 (5949 (5TT 61D
— 5m,divisible b 5 [where M=

irrtqzr ;50'(: H'IQ‘FOPm 51 or, 5‘1_'\'1 or, 5q+t2 or,

er, S'\r\vet an
rri?: @’l) n+ l)‘zﬂ

q+4q+))

5 [phare m=(513) E1+3) EivHe)

g

only divisible b& 5, when ‘A" is

‘not divisible by 5-

0=l 4, s divisible by5
When B (-1 s divisioe BY +
. el " “ or NEZ ; ivist
. :'ig’.“anl ’ . w g when A =0 ; then -1 is not chvmb\t-b‘(-S
u nN=4; n-1 « - =5 - hs*o. " ri'—l (s divisible b‘{ S.
» N=5; -1 is notdivisiblebg =T

Problem B.2

Prove the following inequality between the

e — A . T W I

O Arthmodie mmn‘;,ﬂgnmtmic
Lo . . :
151 > ,_!.L..} ¥
L 2%
VIR o
B @‘0‘ > Ay

D (-t >0

= Qc-{)’- >0

Sinee. squang i3 Cﬂv‘a‘s ®ve,
above statement istruad -

r+y
2

(]

4

1y <

- ]
+
e b

RS- S

@@.M. <AM.
g st

= q—sgﬁf‘éf

ﬂ
? axg< (=g
S O (xg)y=g
> 0< ()

Sinea squaste is olqus
positive, above statermam
18 trute .

C.ombin'm% statemertts d

- 2

£ O.@ @) we get  H

(Pro ved)

harmonic. geometric, and arithmetic mean withr.y >0

e e e

= =

GM- > H.M.
g > 25

X+

¥ 4::%):

> G > 4y [Dviding oy 2y

“ b sider ]
S Gerg)—4xy >o
S (x{Y>o
Sineasquare is alays v,
abowe statement is true.

M. £ @M. A-M. for %, >0
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Problem B.3
Seppose you bave 1o dstribute (he DImDERs 123 2n — 1.2n] over n buckets. Show that there
il zlwers be at Jesst one budet sTh Kssum &K mambers to be 2 28 - 1
Leb’s 4vy 4o disprow it
Total = 2n 2n+l) _orfen
szragr;—_— 2rsn - on+l
n
Themefore, sum of NWwmbers gquals o n+i.
As e are disproving t, s reduce the A
we will rave 4o place '« in

which is greater than Zn+l.

by’ x'from one buelet . So,
bueket . The AumM
Or, we ean +thirde o keepthe sum less»
Se,=talin nt bu

in the 2nd bucket =
Drebxt |
-}hmcnnbf- 3 maximum of an\: ;_;;Qh
ceet = Znxn=2n> . . clock.
But given 1 is 2040 . So, it's net possibleto disprowe it. (Showed)
Problem B.4
Comsider & egual-sided triangle oo
Q stersorss the square at 1 and §

znected to 5 square with side a (see drawing). A straight line from

_ You have given =z, find an equation for the intersection at u(s).

He drari BC | GE. Let, /CFR&=6 = /CAX

We dran AN | Fa - LAGN=go' [ Equilateral triangle]
Se, /BAX=60 lccause AX IEN & Agis infersector
In r‘sabﬂ-arqh_cl

AABC, AN=xsinec'= BX
tan(e+ &)= = o= [N=Fa-Na
A %] =a-xcess0
PO SR s = 2a-%
—w_ gt — 2R
S-St
3 e .. .2
G— K=

2
R AT
20K
She- C)=- %

E
3
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Problem C.1

The sum of divisor function o(n) returns the sum of all divisors d of the number n:

a(n) = Zd

din
We denote N any number that fulfils the following condition:
a(Ny) = k- Ny

Find examples for N3. Ny, N5 and prove that they fulfil this condition.

2.
If nis ana,nurnbu’-ancl n=ﬂe‘.{>,_e’~....(>k_ then,

o(n) = |Zﬂz ) B-:m;-‘ ..... Pgﬁz'
[ 2=
D 1f k=1 ,for all positive natural @1f k=2, then for Ny=6,12,18,2,24, zifg
numbers , Ny Ny 1s trye. s true.
Ie Ny=1, ) =1 (€)= Ww2¥3+6=12 ; ¢(6) >2.6
Lor)=1.0= 40N @)= 2Ny = 12
So, Ny can be {1,2,34,...} 5o Na <an be {6,12,15,20,24,28,30:36,

1F k=3, and [N; = 120,180,249, 360,420,480, 504, 540,600,86, ..-..ete.| Ahe condition

is true. 4 3
BNV, 16y = (23X8'%5Y) = = o 5o T
0 (120) = 3X126 = 360 , satisfies eondi-ﬁoﬂ

@ H k=4,and |Ny=27720, 30240> 32760 ,50990,55440 , 60480,¢5520>F5600... ..
cte. +then ‘the eondition is+ttue.

R, Ny = 27720, LI S T i I i N L 20
(e vre0) = (ErEx 2R x ) = I e o A - 10

And,27720x4= 10880 _
Se, [(27720)> 110880,which satisfies the condition-

@ If k=5, and [Ng= 122522400, {47026 880, 183783600, .. ... &
then 4he condition istrue.

Rr, N = 122522400, s 3 3 N Lot
O'Z 122522400) = TCZSK3LX5LXYXHX|3 xw):Z——‘—- 3-1. g._! ?:_: A3

2-1 3-1 1T 13
|7=1
V7

And,, 1225522400%5 = 612612000 = §142106 28

Sin, ¢~(122522400) > §12612000
So, the caondition js satisfied.
IYMC.PFR.2019 ¥
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Problem C.2

Ao

This p T rea . : ' C
problem requires you to read following, recently published scientitic article:

Encoding and Visualization in the Collatz Conjecture.
George M, Georgiou, arXiv: 181100384, (2019).
Link: https://arxiv.org/pdf/1811.00384.pdf

Please answer following questions related to the article:

(a) Explain the Collat: conyecture in your own words. Have we proven this conjecture?
Let, n b any positive inlv.gzr'. If nis %éel , we do 0 g i nis odd , e o 3n+d

The Heration of such function everrtually reaches 1. It is a conjeeture in math
ermaties Ahat eoncerns a sequence defined , for ang posiive irteger of n,the
sequence Will always reach 1. This comjectiire is not proven.

e (48) sequence is 4824123623105 16-> 8345231 |e(n)= 3661, $E s o

(1) What is the C(n) cyele and the T(n) cyele of the number n = 487 {p;_ ,if 1 iseven
the sequaney is caught in the tgele 44324

T(48) sequance {s 485243296 335839424 Try=$% > if- nis een
the sequanea is caughtin the cgele 1-52-1 304 ifnisod
.

(¢) Explain the weaning of a.(n) and caleulate ao(104).
G (0 is the Total Stepping- T me” of n . I isthe least applications of THhat the seHae of
Heration Will reach 4 for first time. (oY= Inf {k: TGE)=13} - The length of binary
e.ncocﬁna is (). 104):;
Rr n=104, biﬂaf"d v_ncoclina-—- HIoNo| || |0‘1—)‘SL—)26"5|3"320">|0‘95-">8 N =i
-~ [0 (104)= 10| Tetal 10 steps fo reach .
(d) Find the binary encoding of n = 32,53, 80 and explain why they all start with "1117.
for n=32, binaryg encoc\ina.—_- [EERE! “The bimary e_nc.odina— fall n>5 starts
n= 53, binary encedina= 111011110 |with 111" because the itzration will end-
% b“= 80, bimarg-encoding=1110L1LL [With 8545231 each +time.-
inary-encoding, | n) is even we put 't | if i¥s odd ut 0. FPom wightt©
IEF Tl i dang, | A AL, il a
(¢) Make a drawing of the Collatz curve of n = ' = 1024.
T(l024) sequenes (0243512 256528 -> €4 32-> 168> 4—>23!

Oino.:t“*znc.odinQ': ferreiving

t

ﬁa ' eouat-& curve GF‘ n= iﬁ = 102—1

(f) What is wore connnon according to the data: r-curves with finite girth or acyclic l‘-Clll”\"(.‘é'-' e
According 1o deda. , 10 the range Ng P , there ore_only 40 r-euirves with m;ﬁiﬂ:m
acygelie with the largest N=308. Upto ng 108, thare_ o only 3 p-eurves Wi iy
Areth q QG\Q\)))A & theserovte. for nN= 273,410 & 820. In all thrae canes %(_G'i@)=

IYMC.PFR.2019 :



